
 

 

How Does School Mathematics Need to Change for 
All Students to Become Mathematically Proficient? 

To achieve the goal of mathematical proficiency for all, 
many components of U.S. school mathematics must be 
changed. In particular, instruction, instructional materi-
als, assessments, teacher education and professional 
development, and the broader educational system must 
work together to ensure that all students become en-
gaged with mathematics throughout their elementary 
and middle school years. The following sections ad-
dress each of these five areas of needed change. 

Instruction Needs to Support the Development of 
Mathematical Proficiency for All 

Whether students will become proficient in mathematics 
depends in large part on the instruction they receive. 
Teaching that builds proficiency can take many forms; 
although there is no best way to teach, not all ways of 
teaching are equally effective. The key question to ask 
about any instance of instruction is: Does it provide op-
portunities for students to develop all five strands of 
mathematical proficiency? 

Teaching for proficiency requires thoughtful planning, 
careful execution, and continual improvement of instruc-
tion. Lessons need to be designed with specific mathe-
matical learning goals in mind. Teachers must ask: How 
will this lesson help students develop and integrate the 
strands of proficiency? How will students’ learning in this 
lesson build on past lessons and set the stage for later 
lessons? What knowledge do students bring with them 
to this lesson, and how are they likely to respond to the 
mathematical tasks it contains? What materials and ac-
tivities can help students achieve the goals for the les-
son? 

Proficiency is much 
more likely to develop 
when a mathematics 
classroom is a commu-
nity of learners rather 
than a collection of iso-
lated individuals. In 
such a classroom, stu-
dents are encouraged 
to generate and share 
solution methods, mis-
takes are valued as 
opportunities for every-
one to learn, and cor-
rectness is determined by the logic and structure of the 
problem, rather than by the teacher. Questioning and 
discussion that elicit students’ thinking and solution 
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strategies and build on those strategies lead to greater 
clarity and precision. A significant amount of class time is 
spent developing mathematical ideas, not just practicing 
skills. 

Does working in small groups help students to de-
velop math proficiency? 
It depends. Students in groups—sometimes called coop-
erative groups—of three, four, or five can work on a math 
task together and thereby increase their proficiency. But if 
the task does not allow each student to contribute, and if 
students are not sure what they are supposed to do, pre-
cious learning time is wasted. When used appropriately, 
small groups can both increase achievement and pro-
mote positive social interactions among students.  But for 
groups to be effective, tasks must be well chosen and 
students must be taught how to work in this mode. 

Don’t students have to be grouped by ability to de-
velop math proficiency? 
“Ability grouping” in elementary and middle school, in 
which students are separated into classes based on test 
scores or math grades, is really grouping by achieve-
ment, and it tends to be self-perpetuating. Students 
placed in lower groups receive fewer opportunities to de-
velop all the strands of math proficiency. Their classes 
typically have a less demanding curriculum, less capable 
teachers, and few or no strong peer models. As a result, 
achievement gaps grow rather than diminish, and socio-
economic, racial, and ethnic disparities widen.15 

These observations suggest that the wiser course in ele-
mentary and middle school grades is not to group stu-
dents into classes by ability or achievement. Accelerated 
classes are not necessary to help high-achieving stu-
dents learn more; this can be accomplished within mixed 
groups. Some countries with impressive math achieve-
ment scores do not separate high achievers from low 
achievers. Effective teaching methods can help all stu-
dents in mixed-ability classes to develop proficiency, and 
teachers can be supported to acquire and use these 
methods. 

Textbooks and other instructional materials in the United 
States need to support the learning of all five strands of 
mathematical proficiency. They should develop the core 
content of mathematics in a focused way and with continu-
ity within and across grades. More time should be spent 
developing fewer topics in each grade, as is done in many 
countries where mathematics achievement is strong.16 
Textbooks should move on to new, more advanced topics 
and should develop those in depth rather than repeating 



 

 

many topics every year. 

Instructional materials need to have 
teacher notes that support teachers’ 
understanding of mathematical con-
cepts, student thinking and student 
errors, and effective pedagogical 
supports and techniques. Instructional materials should 
incorporate activities and strategies that assist teachers 
in helping all students become proficient in mathemat-
ics, including students low in socioeconomic status, 
English-language learners, special education students, 
and students with special interests or talents in mathe-
matics. 

Assessments Need to Contribute to the Goal of 
Mathematical Proficiency 

In recent years, many states and districts have man-
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Why are students playing with blocks, sticks, and 
beans in math classes? 
Reflecting on the use of physical objects—such as 
blocks, sticks, and beans—can help students to de-
velop understanding by linking their informal knowl-
edge and experiences to school math.17 However, 
much depends on how these objects are used. Physi-
cal materials should not be used simply as tools to cal-
culate answers. Students need to be able to move from 
using physical objects to finding solutions numerically. 
Teachers must provide opportunities for students to 
make explicit connections between activities with the 
objects and the math concepts and procedures that the 
objects are intended to help teach. The math is in the 
connections, not the objects. 

Should all students study algebra? 
Yes. Algebra is the gateway to higher math. Proficiency 
in algebra helps students solidify their proficiency in 
numbers and integrate their knowledge of math. Algebra 
provides the concepts and language to move from indi-
vidual numerical calculations to general relationships. 
The study of algebra, however, need not begin with a 
formal course in the subject. The elementary and middle 
school curriculum can support the development of alge-
braic ways of thinking and thereby avoid the difficulties 
many students now experience in making the transition 
from arithmetic to algebra. The basic ideas of algebra 
can be learned by the end of middle school if they are 
taught in ways that draw on and develop all strands of 
math proficiency. 

dated a variety of assessments to measure the mathematics 
performance of students. Some of these assessments have 
serious consequences for students, teachers, and schools, 
such as determining whether a student will graduate or 
whether a school will avoid state sanctions. In some cases, 
the assessment aims at what students have mastered, and 
all students should be able to demonstrate mastery. In many 
other cases, however, the assessment ranks students, 
schools, or districts; this means that half of those being as-
sessed are necessarily below par. Such assessments typi-
cally do not provide information that can be used to improve 
instruction. 

The goal of mathematical proficiency for all requires as one 
of its first tasks a rethinking of what assessments are meas-
uring. Large-scale comparisons are seldom aligned with the 
curriculum and often focus on only one or two aspects of 
performance. Preparing for and taking tests that do not 
measure the five strands of proficiency consume time that 
could be devoted to teaching and learning mathematics. 

All assessments need to support the development of mathe-
matical proficiency. They need to measure the five strands 
of proficiency and their integration. By doing so, they will 
provide opportunities for students to become proficient 
rather than taking time away from this goal. Teachers’ infor-
mal assessments of student progress provide valuable infor-
mation as they adjust their instruction to help their students 
become proficient. More formal assessments also can help 
to track students’ progress and identify areas in which they 
need help. 

As large-scale formal assessments become increasingly 
popular, the goal of supporting the development of students’ 
mathematical proficiency could be furthered if a government 
agency were to fund an independent group to analyze these 
assessment programs for the extent to which they promote 
mathematical proficiency. This group could recommend how 
such programs might be modified to promote the goal of pro-
ficiency. 



 

 

Teachers Need Support That Will Enable Them to 
Teach All Students to Be Mathematically Proficient 
Like any complex task, effective mathematics teaching 
must be learned. Teachers need a special kind of 
knowledge. To teach mathematics well, they must them-
selves be proficient in mathematics, at a much deeper 
level than their students. They also must understand 
how students develop mathematical proficiency, and 
they must have a repertoire of teaching practices that 
can promote proficiency. Unfortunately, very few teach-
ers have the specialized knowledge needed to teach 
mathematics in the ways envisioned in this report.19 
The view of mathematical proficiency presented here 
requires that teachers act in new ways and have knowl-
edge and understanding they once were not expected to 
have. 

Like learning in any profession, learning to teach for 
mathematical proficiency is a career-long challenge. 
Acquiring this knowledge and learning how to use it ef-
fectively in the classroom will take not only time but re-
sources. Professional development must become a con-
tinuing part of the teacher’s workweek rather than taking 
the form of an occasional workshop.20 Teachers need 
extensive opportunities to learn, to observe models of 
effective practice, and to have access to expertise in 
mathematics teaching. It is not reasonable in the short 
term to expect all teachers to acquire the knowledge 
they need to teach for mathematical proficiency. To fur-
ther promote effective teaching and learning, mathemat-
ics specialists—teachers who have special training and 
interest in mathematics— should be available in every 
elementary school. 

The undergraduate years of teacher training must pro-
vide significant and continuing opportunities, linked 
closely to classroom practice, for prospective teachers 
to develop the knowledge needed to teach for mathe-
matical proficiency. Prospective teachers must study 
students’ thinking and relate that thinking to the kinds of 
mathematical knowledge that students bring with them 
to school. People intending to be teachers must con-
tinue developing their own mathematical proficiency and 
learn how to use that 
proficiency to guide 
discussions, modify 
problems, and make 
decisions about what 
to pursue in class. 
They cannot wait until 
they enter the profes-
sion to learn to teach 
effectively. 
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Does improving students’ math proficiency require 
new types of tests? 

Yes. New tests may be needed, and old tests may need 
to be changed. Most current math tests, whether stan-
dardized achievement tests or classroom quizzes, ad-
dress only a fraction of math proficiency—usually just the 
computing strand and simple parts of the understanding 
and applying strands. Teachers need tests and other 
assessment procedures that let them gauge how far stu-
dents have come along in all five proficiency strands. 
Furthermore, instead of taking time away from learning, 
these instruments should allow students simultaneously 
to build and exhibit their proficiency. 
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Efforts to Achieve Mathematical Proficiency Must Be 
Coordinated, Comprehensive, and Informed by Scien-
tific Evidence 
Many people have worked very hard in recent years to 
change the ways in which mathematics is taught and 
learned. However, the problem requires greater and dif-
ferent efforts than those made so far. Complex systems 
like school mathematics are what social scientists call 
overdetermined. A large number of pressures exert forces 
on these systems, making them remarkably stable and 
resistant to change. Altering such a system requires the 
coordinated efforts of everyone involved. 

Mathematical proficiency for all is an ambitious objective. 
In fact, in no country—not even those that have per-
formed better than the United States on international 
comparisons of mathematics achievement—do all stu-
dents display mathematical proficiency as defined in this 
book. Reaching this goal will require fundamental 
changes in many areas of school mathematics. 

The only way to achieve long-term improvement is 
through a coherent and systematic approach. This will 
require that all aspects of the system be reformed simul-
taneously. We therefore conclude with a list of actions 

that the individuals and groups to 
whom this book is addressed must 
take to achieve the goal of mathe-
matical proficiency for all. By pursuing 
these actions in a coordinated and 
resolute fashion, those people in-
volved in mathematics education in 
the United States can drive changes 
that will have substantial and lasting 
benefits for all students and for the 
nation as a whole. 



 

 

What Can Parents and Caregivers Do? 
Before Children Enter School 

Just as parents can help their children be ready to learn 
to read, they can give children a good start in learning 
math by helping them develop proficiency with informal 
math concepts and skills. 
• Play games such as dominoes and board games. 
• Find natural opportunities to count, to sort objects, 

to match collections of objects, to identify shapes 
(while reading bedtime stories, going up stairs, set-
ting the table, etc.). 

• Count a collection of objects and use number words 
to identify very small collections. 

• Talk with your child about simple math problems 
and ideas. (How many spoons do we need to set 
the table? Give me the cup with the two flowers on 
it. Find the other circle on this page. Sort the blocks 
by shape.) 

 
After Children Enter School 

• Have high expectations. Children’s math achieve-
ment is shaped—and limited—by what is expected 
of them. 

• Expect some confusion to be part of the learning 
process but emphasize that effort, not ability, is 
what counts. Math is understandable and can be 
figured out. 

• Avoid conveying negative attitudes toward math. 
Never tell children to not worry about a certain kind 
of math because it will never be used. 

• Ask your child what he or she did in math class to-
day. Ask him or her to give details and to explain. 

• Expect your child’s homework to include more than 
simple computation worksheets. 

• Give your child meaningful problems that use num-
bers or shapes while you are going about everyday 
life. Ask the child to explain what he or she did. 

• Be an advocate for the theme of math proficiency in 
textbooks, assessments, and instruction. 

• Advocate allocating and using a regular time each 
school day for instruction to develop math profi-
ciency. 

• Support professional development activities for 
teachers and administrators. 

 
What Can Teachers Do? 
• Be committed to the idea that all children can be-

come proficient in math. 
• Develop and deepen your understanding of math, of 
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student thinking, and of techniques that promote 
math proficiency. 

• Emphasize to policy makers, administrators, parents, 
and students the need for and the achievability of 
math proficiency. 

• Use an instructional program and materials that, 
based on the best available scientific evidence, sup-
port the development of math proficiency. 

• Teach mathematics for a sufficient amount of time 
(e.g., an hour a day). 

• Attend professional development activities that inte-
grate math, student thinking, and instructional tech-
niques. 

• Advocate for ongoing, sustained, coherent profes-
sional development activities that support teaching 
for math proficiency. 

• Organize and participate in study groups at your 
school that focus on teaching practice. 

• Engage in conversations with colleagues about de-
veloping proficiency and about students and their 
math proficiency. 

• Become a mentor to a colleague learning to teach for 
math proficiency. 

 
What Can Administrators Do? 
• Embrace the overarching goal of math proficiency for 

all. 
• Promote the idea to teachers and parents that math 

proficiency for all is both desirable and achievable. 
• Become an instructional leader in your school. 
• Spend time in math classrooms observing teachers 

and coaching teachers on teaching for proficiency. 
• Provide for a math curriculum aligned with the goal of 

math proficiency and expect teachers to design their 
instructional program accordingly. 

• Hire one or more math specialists for each elemen-
tary school. 

• Ensure that sufficient time is allocated for learning 
math. 

• Provide time and resources for ongoing district-wide 
and school-based professional development focused 
on math. 

• Make available teacher stipends, released time, and 
other support for substantial and sustained profes-
sional development. 

• Focus on coherent, multi-year programs. 
• Attend staff development activities for administrators 

to become familiar with math proficiency and with 
how proficiency is attained. 
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